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Ocean Surface Waves

• The Traditional View: The random phase, 
Gaussian approximation describes ocean 
surface waves

• The Problem is: This is untrue!







The Wavenumber Plane: Nonlinear Schroedinger, 
Zakharov Equation and Phillips Figure 8
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What is a Breather?
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Linear Analysis of Currituck Sound





Power Spectrum







• Ocean waves  are a near linear Random Process whose 
amplitudes are Gaussian [Kinsman’s book].

• If the spectrum is “narrow banded” then the envelope 
(modulation) is Rayleigh [Longuet-Higgins, 1955], 
implying that the wave heights are also Rayleigh.

• The probability “tail” at high amplitude is due to the 
Stokes correction, which makes the waves higher and 
steeper.

Conclusions: 
The Traditional View



Nonlinear Fourier Analysis 
of Currituck Sound











What is Linear Fourier Analysis?

• A Fourier Series:

• A linear superposition of sine waves.
• We get the FFT and so have spectra, power 

spectra, coherence functions, correlation 
functions, and all the useful stuff that come from 
Fourier methods! 

• Random phase approximation.
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What is Nonlinear Fourier Analysis?

• A quasiperiodic (multiperiodic) Fourier Series:

• Does everything that linear Fourier does, but 
has all infinity harmonics: A discretuum.

• The nonlinear Fourier components are sine 
waves, Stokes waves, breathers, 
superbreathers, etc.

• Nonlinear random phase approximation.



The 2+1 Nonlinear 
Schroedinger Equation

iy t +y xx +syyy +U(x,y,t)y = 0 s = ±1

Depending on the form of the potential 
the above equation has the form of:

• The 2+1 NLS equation
• The Dysthe equation
• The extended Dysthe equation
• The Zakharov Equation



!

Breather Moving at 30 Degree Angle With Respect
To Dominant Wave Direction



iy t +y xx +syyy +U(x,y,t)y = 0 s = ±1

y (x, y,t) =
G(x, y, t )

F(x, y, t )

U(x,y,t) = 2¶xx lnF(x,y,t)+ 2s ¶yy lnF(x,y,t)

i FGt -GFt( )+ FGxx +GFxx - 2FxGx( )+s FGyy +GFyy - 2FyGy( ) = lFG

Solving the Schroedinger Equation for 
Arbitrary Potential



How to 
Analyze Data







Add on the Perturbations



Step 1:
the

Integrable
Case

1+1 NLS



Step 2: 
The

Nonintegrable
Case

1+1 NLS+
Perturbations



Step 3: 
The

Nonintegrable
Case

2+1 NLS+
Perturbations



Determine the Nonlinear
Fourier Spectrum in 

Terms of the Riemann 
Matrix and Phases I



Determine 
the Nonlinear 
Fourier Spec-
trum in Terms 

of the 
Riemann 

Matrix and 
Phases II



The Nonlinear Spectrum





Currituck Sound



Understanding Nonlinear Data

Soliton 

turbulence

Breather

gas
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near Gaussian Process.
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Where the Breathers Are?
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